In this paper, we establish the Hyers-Ulam orthogonal stability of the mixed type additive-cubic functional equation in multi-Banach spaces.
Introduction
The stability problem for functional equations starts from the famous talk of Ulam and the Hyer's partial solution to the Ulam's Problem see [1, 2] . Thereafter, Rassias [3] attempted to solve the stability problem for the Cauchy additive functional equation in a more general setting. The concept introduced in Rassias' theorem significantly influenced a number of mathematicians to investigate the stability problems for various functional equations see [4] [5] [6] [7] [8] [9] [10] [11] [12] .
In 2013, Moradlou [13] proved the generalized Hyers-Ulam-Rassias stability of the Euler-Lagrange-Jensen Type Additive mapping in multi-Banach spaces. In 2015, Yang, Chang, and Liu [14] estabilished the orthogonal stability of mixed additive-quadratic Jensen type functional equation in multi-Banach spaces. In 2015, Brzdęk, Fechner, Moslehian, and Sikorska [15] discussed recent developments of the conditional stability of the homomorphism equation. In 2016, Alizadeh and Moradlou [16] proved the generalized Hyers-Ulam-Rassias stability of the quadratic mapping in multi-Banach spaces.
Ostadbashi and Kazemzadeh [17] investigated the problem of the orthogonal stability of mixed additive-cubic functional equation
with x⊥y in a Banach space. It is easy to see that the function f (x) = ax 3 + by is a solution of (1.1).
In the present paper, we prove the orthogonal stability of the additive-cubic functional equation (1.1) in multi-Banach spaces. Now, let us recall some concepts concerning multi-Banach spaces. Let (℘, ‖.‖) be a complex normed space, and let k ∈ N. We denote by ℘ k the linear space ℘ ⊕ ℘ ⊕ ℘ ⊕ ... ⊕ ℘ consisting of k− tuples (x 1 , ..., x k ), where x 1 , ..., x k ∈ ℘. The linear operations on ℘ k are defined coordinate-wise. The zero element of either ℘, or ℘ k is denoted by 0. We denote by N k the set {1, 2, ..., k} and by Ψ k the group of permutations on k symbols.
norm on ℘ k for each k ∈ N, ‖x‖ 1 = ‖x‖ for each x ∈ ℘, and the following axioms are satisfied for each k ∈ N with k ≥ 2 :
In this case, we say that
is a multi-normed space and take k ∈ N. We need the following two properties of multi -norms. They can be found in [18] :
In this case,
There exist several orthogonality notions on a real normed spaces. But here we present the orthogonal concept introduced by Ratz [19] . This is given in the following definition: Definition 1.2. [19] Suppose that X is a vector space (algebraic module) with dim X ≥ 2, and ⊥ is a binary relation on X with the following properties:
1. Totality of ⊥ for zero: x⊥0, 0⊥x, for all x ∈ X; 2. Independence: If x, y ∈ X − {0} and x⊥y, then x and y are linearly independent; 3. Homogeneity: If x, y ∈ X and x⊥y, then αx⊥βy, for all α, β ∈ R; 4. Thalesian properity: If P is a 2-dimensional subspace of X, x ∈ P and λ ∈ R+, which is the set of nonnegative real numbers, then there exists y 0 ∈ P, such that x⊥y 0 and x + y 0 ⊥λx − y 0 .
The pair (X, ⊥) is called an orthogonality space (resp. module). By an orthogonality normed space (normed module) we mean an orthogonality space (resp. module) which has a normed (resp. normed module) structure. 
for all nonnegative integers n, or there exists a positive integer n 0 , such that:
The Orthogonal Stability of the Cubic-Additive Functional Equation (1.1) in Multi-Banach Space
Throughout this section, let δ > 0, let S be an orthogonal space and let
︁ be a multi-Banach space. For convenience, we use the following abbreviation for a given mapping f : S → T :
with x⊥y in the multi-Banach space.
Theorem 2.1. Let S be an orthogonality space and let
Suppose that δ is a non-negative real number and f : S → T is a mapping satisfying 
2)
Proof. Letting y 1 = y 2 = ... = y k = 0 in (2.1), we obtain that
for all x i ∈ S, x i ⊥0, (i = 1, 2, ..., k). Hence,
for all x i ∈ S, (i = 1, 2, ..., k). By setting h(x) = f (2x) − 2f (x) in (2.3), we get
for all x i ∈ S, (i = 1, 2, ..., k). Dividing (2.5) on both sides by 8, we can get
Then it is easy to show that (Λ, d) is a generalized complete metric space (see [21] ). We define an operator J : Λ → Λ by
We assert that J is a strictly contractive operator. Given u, v ∈ Λ, let λ ∈ [0, ∞] be an arbitary constant with
for all u, v ∈ Λ. This means that J is a strictly contractive operator on Λ with Lipschitz constant L = 1 8 .
By (2.6), we have d(Jh, h) ≤ 1 8 δ < ∞. Using Theorem 1.4, we deduce the existence of a fixed point of J, that is the existence of mapping Ca : S → T, such that
By Definition 1.2, we have 2 n x⊥2 n y.
Set x 1 = ... = x k = 2 n x, y 1 =, ..., = y k = 2 n y in (2.1) and divide both sides by 8 n . Then, using property (a) of multi-norms, we obtain
for all x, y ∈ S. Hence, Ca is an orthogonally cubic-additive mapping. The uniqueness of Ca follows from the fact that Ca is the unique fixed point of J with the property that there exists ℓ ∈ (0, ∞), such that
This completes the proof of the theorem. 
Theorem 2.2. Let S be an orthogonality space and let
(︁ (T k , ‖.‖) : k ∈ N )︁ besup k∈N ⃦ ⃦ (︀ f (2x 1 ) − 8f (x 1 ) − Ac(x 1 ), ..., f (2x k ) − 8f (x k ) − Ac(x k ) )︀⃦ ⃦ k ≤ δ,(2.
7)
for all x 1 , x 2 , ..., x k ∈ S.
Proof. From (2.3), letting w(x) = f (2x) − 8f (x), we obtain
for all x i ∈ S, (i = 1, 2, ..., k). Dividing on both side of (2.8) by 2, we can get 9) for all x i ∈ S, (i = 1, 2, ..., k). Let Λ = {︀ g : S → T|g(0) = 0 }︀ and introduce the generalized metric d defined on Λ by
This means that J is a strictly contractive operator on Λ with Lipschitz constant L = 1 2 . Using Theorem 1.4, we deduce the existence of a fixed point of J, that is the existence of mapping Ac : S → T, such that Ac(2x) = 2Ac(x) for all x ∈ S. This completes the proof of the theorem.
